The physical properties of an axisymmetric black-hole-ring system are studied analytically within the framework of general relativity to second order in the dimensionless mass ratio µ ≡ m/M .
I. INTRODUCTION.
The gravitational two-body problem has attracted much attention over the years from both physicists and mathematicians, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] and references therein. As is well known, the two-body problem in Newtonian gravity is characterized by a particularly elegant and simple analytic solution [1] . In fact, Newtonian gravity provides a very accurate mathematical description for the dynamics of a wide variety of astrophysical binaries in the weak-field limit.
However, the dynamics of close binaries composed of black holes and superdense neutron stars are characterized by strong-gravity effects which cannot be treated properly within the limited framework of Newtonian mechanics. Instead, the dynamics of compact binaries in the strong-gravity regime should be described by the (mathematically more complicated) equations of the general theory of relativity.
The Einstein equations which describe the dynamics of close binaries in the strong-gravity regime are very complex and have no compact analytic solution. Despite this fact, the twobody problem in general relativity can be tackled using an approximation method which is based on a perturbative treatment in powers of the symmetric mass ratio [20] 
where M and m are the masses of the two compact objects. (We use gravitational units in which G = c = 1).
Two important physical quantities which characterize the circular two-body dynamics are the binding-energy and the total angular-momentum of the system. The binding energy E binding of the two-body system is given by the difference between the total gravitational energy of the system at infinity and the total gravitational energy of the system at a finite separation:
Here
is a convenient invariant (and dimensionless) coordinate constructed from the characteristic frequency Ω of the circular orbit [20, 21] . The binding-energy can be expanded in powers of the dimensionless mass ratio µ:
Likewise, the angular-momentum J of the two-body system can be expressed as a power series of the dimensionless mass ratio µ:
In the zeroth-order (µ → 0) approximation the spacetime metric is described by the physical parameters of the larger object (the central black hole) while the smaller object (the 'test-particle') follows a geodesic of the black-hole spacetime. In this test-particle limit the system is characterized by the well-known relations [2]
Realistic astrophysical binaries are often composed of an orbiting object whose mass m is smaller but non-negligible as compared to the mass M of the central black hole. In these situations the zeroth-order (test-particle) approximation (6) is no longer valid and one should take into account the gravitational self-force corrections to the orbit [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] . These corrections (which are second-order in the symmetric mass ratio µ) take into account the finite mass of the orbiting object.
The gravitational self-force has two distinct contributions: (1) It is responsible for dissipative effects that cause the orbiting particle to emit gravitational waves [6, 7] . (2) The self-force due to the finite mass of the orbiting object is also responsible for conservative
] to the binding-energy and to the total angular-momentum of the two-body system. Following Refs. [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] , in the present study we shall focus on these conservative corrections to the orbit.
II. THE BLACK-HOLE-PARTICLE SYSTEM NEAR THE LIGHT RING
The conservative second-order (self-interaction) contributions to the binding-energy and to the total angular-momentum of the two-body (black-hole-particle) system, E
particle (x) and J (2) particle (x), were computed most recently in [20, 22] . The mathematical expressions of these physical quantities are quite cumbersome [20] , but a remarkably simple quadratic divergence of both these quantities was observed in the vicinity of the unperturbed light ring [23] at
and J
where
Here ζ is a "fudge" factor which was introduced in [20] . Using numerical computations, the value of this fudge factor was estimated in [20] to be
We would like to point out that the physical quantities E (2) (x) and J (2) (x) satisfy the simple relation [see Eq. (7)] E
in the vicinity of the light ring. It is worth emphasizing that this relation holds true regardless of the value of the (numerically computed) fudge factor ζ.
It is worth noting that the quadratic divergence of the physical quantities which characterize the dynamics of the black-hole-particle system near the light ring [see Eq. (7)] could only be inferred using numerical computations, see Fig. 2 of [20] . The main goal of the present Letter is to analyze a simple toy model which captures, at least qualitatively, some important features of the fundamental two-body problem in general relativity. In particular, we would like to provide an analytical explanation for the quadratic divergence of the self-interaction quantities E (2) (x) and J (2) (x) in the vicinity of the light ring.
III. THE BLACK-HOLE-RING SYSTEM NEAR THE LIGHT RING
In a recent paper [24] we proposed to model the conservative behavior of the two-body system using the analytically solvable model of a stationary axisymmetric ring of particles in orbit around a central black hole. This composed system was analyzed in detail by
Will [19] . We have shown [24] that this toy model captures, at least qualitatively, some important features of the conservative dynamics of the (astrophysically more relevant) blackhole-particle system [25] . In particular, like the orbiting particle, the rotating ring can drag the generators of the black-hole horizon [19] .
It is well-known [19] that local inertial frames are dragged by an orbiting object. In fact, because of the dragging of inertial frames by the orbiting object, one can have a Schwarzschild-like black hole with zero angular-momentum (J H = 0) but with a non-zero angular-velocity (ω H = 0) [see Eq. (12) below]. Specifically, it was found in [19] that the angular-momentum of a black hole which is perturbed by an orbiting ring is given by [26] 
where the leading-order dimensionless angular momentum of the ring ,J (1) (x), is given by the expression (6) . Thus, to first-order in the symmetric mass ratio µ of the system [see Eq.
(1)], a zero angular momentum black hole (J H = 0) in the composed black-hole-ring system is characterized by a non-zero angular velocity ω H :
The relation (12) [and, in particular, the fact that ω H (J H = 0) = 0] is a direct consequence of the dragging of inertial frames by the orbiting ring [19, 27] .
The binding-energy of the black-hole-ring system, E binding (x), can be expanded in the form (4) . From the results presented in [19] for the composed black-hole-ring system one finds after some algebra that the leading-order expansion coefficient E
ring (x) [the coefficient of the O(µ) term in the expansion (4)] is given by the expression (6) . In addition, one finds [19] that the O(µ 2 ) contribution to the energy budget of the black-hole-ring system in the vicinity of the light ring (z → 0) is dominated by the divergent term
The expression (13) represents a spin-orbit interaction between the spinning black hole (which is characterized by the horizon angular velocity ω H ) and the rotating ring (which is characterized by the angular momentum mJ (1) ). It is worth emphasizing that ω H is linear in the mass m of the orbiting ring [see Eq. (12)]. Thus, this spin-orbit interaction term represents a second-order self-interaction term of order O(µ 2 ). Taking cognizance of Eqs.
(6), (12) , and (13), we find [28]
in the vicinity of the light ring.
Likewise, the total angular-momentum of the black-hole-ring system, J(x), can be expanded in the form (5) . From the results presented in [19] for the composed black-hole-ring system one finds after some algebra that the leading-order expansion coefficient J
ring (x) [the coefficient of the O(µ) term in the expansion (5)] is given by (6) . In addition, one finds [19] that the O(µ 2 ) contribution to the angular-momentum of the black-hole-ring system in the vicinity of the light ring (z → 0) is dominated by the divergent term
Taking cognizance of Eqs. (6), (12), and (15), we find [28]
It is worth emphasizing that the perturbation expansions (4) and (5) are valid in the
. Thus, the divergent behaviors (14) and (16) are valid in the regime
Inspection of Eqs. (14) and (16) reveals that the binding-energy and the total angularmomentum of the black-hole-ring system diverge quadratically in µz −1 at the light ring.
Remarkably, the physical quantities of the original black-hole-particle system share this same divergent behavior (that is, a quadratic divergence in µz −1 ) in the vicinity of the light ring, see Eq. (7).
Moreover, the physical quantities E
ring and J
ring which characterize the black-hole-ring system satisfy the simple ratio
which is identical to the corresponding ratio E
particle (z→0) J (2) particle (z→0)
[see Eq. (10)] satisfied by the physical quantities of the original black-hole-particle system!
IV. SUMMARY AND DISCUSSION
The physical properties of a black-hole-ring system were analyzed in the vicinity of the photon orbit at R = 3M, where the circular orbit of the ring becomes null. We have shown that this simple toy model may capture some important features of the conservative dynamics of the (physically more interesting) black-hole-particle system. In particular, this model provides a simple analytic explanation for the quadratic divergence of the self-interaction quantities E (2) (x) and J (2) (x) in the vicinity of the light ring, see Eqs. (14) and (16) .
Moreover, we have shown that the black-hole-particle system and the black-hole-ring system share the same relation
between the second-order expansion coefficients.
The present toy model suggests that the second-order spin-orbit interaction between the black hole and the orbiting object [the dragging of inertial frames by the orbiting object, see Eq. (12)] is the main element determining the observed (quadratic) divergent behavior of the self-interaction quantities in the vicinity of the light ring.
Finally, it is worth pointing out the simple relations [see Eqs. (7), (14) , and (16)] E
particle (R → 3M) E
ring (R → 3M) = J
particle (R → 3M) J 
between the self-interaction quantities of the black-hole-particle system and the corresponding physical quantities of the black-hole-ring system. We note that these ratios would be equal to 1 if the fudge factor ζ [see Eq. (9)] equals 68/81.
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